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Abstract 
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1. Introduction 

Recent developments in econometric modelling have emphasized a variety of non-linear 

specifications. Parametric examples of these include various regime-switching models (the 

threshold and Markov switching autoregressive models): threshold autoregressive (TAR) models, 

self-exciting threshold autoregressive (SETAR) models, smoothing threshold autoregressive 

(STAR) models, and various others. In addition, non-parametric and semi-parametric models are 

widely used, though the well-known “curse of dimensionality” can place some limitations on 

their use with multivariate data. The use of fuzzy clustering analysis in the context of econometric 

modelling is a rather new approach within the class of nonlinear econometric models. Fuzzy 

clustering analysis is a very flexible and powerful technique that is used widely in the pattern 

recognition literature, for example, and has recently been applied in the area of modelling and 

forecasting economic variables (see Giles and Draeseke, 2003; Giles and Mosk, 2003; Feng, 

2007; Giles and Stroomer, 2006; and Feng, 2007).  

 

In fuzzy regression modelling, we use the explanatory variables to partition the sample into a pre-

assigned number of clusters. The membership functions are calculated using some algorithm for 

each of the observations, and these provide weights between zero and one which indicate the 

degree to which each observation belongs to each cluster. The fuzzy clustering regression is then 

obtained by taking the weighted average of the regression results from each of the clusters, using 

the membership functions as weights. To date, researchers have treated the number of fuzzy 

clusters as being pre-determined, and no formal procedures have been used to determine the 

“optimal” number of clusters. In practice, the number of clusters is set to be between one and 

four, with one simply being the usual case where the full sample is used (standard regression). 

 



We observe that the choice of a particular value for the number of clusters implies the choice of a 

particular model specification. Altering the number of clusters changes the number of “sub-

models” that are fitted to the data and subsequently combined into a final result. We approach this 

model-selection problem from a Bayesian perspective, and propose the use of the Bayesian 

Posterior Odds to determine the number of fuzzy clusters used in the fuzzy regression analysis. In 

fuzzy regression analysis, the models fitted to each cluster can be estimated by any appropriate 

technique. Ordinary Least Squares is a typical choice. Nonlinearity is modeled successfully 

because the fuzzy combination of the regression results from each cluster involves weights that 

vary at each data-point. Here, however, in order to be consistent in our overall approach we use 

Bayesian estimation for each cluster’s sub-model. More specifically, we adapt the standard 

Bayesian estimator based on the natural-conjugate prior p.d.f. to our clustering context. As a 

result, we refer to this overall modelling methodology as Bayesian Fuzzy Regression analysis. 

 

This paper is organized as follows. The next section introduces fuzzy clustering analysis. Section 

3 discusses some basic concepts associated with Bayesian inference, and sets up the Bayesian 

Posterior Odds analysis in a general model selection framework.  Section 4 derives the Bayesian 

Posterior Odds under the natural conjugate prior for choosing the number of fuzzy clusters. The 

design and results of an extensive Monte Carlo experiment are presented in section 5, and two 

simple applications using real data are discussed in section 6. The last section offers our 

conclusions and some further research suggestions. 

 

1. Fuzzy Clustering Analysis  

A classical set can be viewed as a “crisp” set, in the sense that it has a clearly defined boundary. 

For example, the set E could be defined as any integer that is greater than 10. The membership of 

a “crisp” set requires the individual element either be a member or not - the “degree of 

membership” is either unity or zero.: 
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On the other hand, a fuzzy set is just as the name implies: “without a crisp boundary”.  The 

difference between a fuzzy set and a classical set lies in the nature of the membership for each 

element. Zadeh (1965) defined the meaning of the membership for fuzzy sets to be a continuous 

number between zero and one. This means that any element can be associated with one or more 

clusters. Further, all of these membership values added together should equal unity. Generally, 

this association involves different degrees of membership with each of the fuzzy sets. Just as this 

makes the boundaries of the sets fuzzy, it makes the location of the centroid of the set fuzzy as 

well. 

 

The “Fuzzy c-Means” (FCM) algorithm, which was developed and improved by Dunn (1974, 

1977) and Bezdek (1973, 1981), is frequently used in pattern recognition. The objective is to 

partition the data into fuzzy sets or clusters, to locate these clusters, and to quantify the degree of 

membership of every data-point with every cluster. It is based on minimization of the following 

functional: 

∑ ∑=
= =

c

i

n

k
ik

m
ik duvUJ

1 1

2)()(),(  ,                                (2) 

where uik is the “degree of membership” of data-point “k” in cluster “i”, and dik is the distance 

between data xk and the i-th  cluster center vi. “c”  is the number of clusters presumed, and m is 

any real number greater than 1, which measures the degree of the fuzziness. In the limit, as  m 

approaches unity, the membership becomes crisp. A common choice is m = 2. Fuzzy partitioning 

is carried out through an iterative optimization of the objective function shown above, with the 

update of membership uik and the cluster centers vi by: 
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Over the years, there have been numerous developments in fuzzy set studies following the 

research by Zadeh (1965). Many applications can be found in the areas of computer science, 

systems analysis, electrical and electronic engineering, pattern recognition and psychology. In 



recent years, various applications of fuzzy sets in the area of econometrics have been led by Giles 

and his co-workers. See Giles (2005), Draeseke and Giles (2002), Giles and Draeseke (2003), 

Giles and Mosk (2003), Chen and Giles (2004), Giles (2005), Giles and Feng (2005), and Giles 

and Stroomer (2004, 2006).  In these applications, “fuzzy regression”, analysis is introduced.  

After clustering the data on the basis of the explanatory variables, separate regressions are fitted 

over each of the clusters. The fuzzy regression is obtained by combining the results from each 

cluster using the membership functions as the weights. As these weights vary continuously over 

the sample, even if linear models are fitted to each cluster, the resulting model can capture 

complex non-linearities in the data. See Giles and Draeseke (2003) for full details. We have 

written code for commands in the SHAZAM (2004) econometric package for the analysis in this 

paper. 

 

For the fuzzy clustering analysis, the number of cluster “c” and the fuzziness parameter “m” have 

to be set before the actual regression analysis. Usually, for researchers, the common choice of 

“m” is 2 and “c” is from 1 up to 4, and seldom does the value of “c” exceed 6.  However, these 

choices are informal, and in particular, no formal procedures have been introduced for the choice 

of these parameters. Different values of “c” and “m” imply that different numbers of clusters and 

different degrees of fuzziness will be used for the regression analysis, which means that different 

fuzzy models are going to be employed. This suggests a model-selection problem. What is the 

best choice for “c” and “m” for a given sample of data when applying fuzzy regression analysis? 

In order to simplify the analysis, in this paper we fix the value of “m” to be 2, and view the 

selection of “c” as the model-selection problem. Our analysis could be extended to the case where 

both “m” and “c” are to be selected, though the fact that the former parameter can take a 

continuum of values would complicate matters. Here, we adopt a Bayesian model-selection 

approach, and use Bayesian Posterior Odds analysis to select the value of “c”.  

 

2. Bayesian Posterior Odds Analysis—The Choice of “c” 

3.1 Bayesian Model Selection 

In order to discuss model selection via Bayesian Posterior Odds analysis, we first need to 

introduce some basic notation and concepts. Let M denote the model space, and Mi denote the ith 

candidate model. The number of models is m*, a finite or countably infinite value. So, M = {Mi} 

i=1, 2, 3…m*. There are two sets of prior information that we need to consider in our Bayesian 

analysis here: the prior information about the models and the prior information about the 

parameters of those models.  



First, assigning a prior mass function over M, let p(Mi) denote the prior probability that the i-th 

model is the ‘true’ model, where 
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Suppose that the ith model has a vector of parameters, θi, belonging to a parameter space, Ωi, i = 

1, 2, …., m*. Let )|( ii Mp θ denote the prior p.d.f. for the parameters of the ith model. For each 

model in M the joint data density is given by ),|( ii Myp θ , and viewed as a function of the 

parameters this is the usual likelihood function, ),|( ii Myl θ . The conditional (on the model) 

data density is obtained as 

    iiiiii dMpMypMyp
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and the marginal data density is 
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Applying Bayes’ Theorem, the posterior probability of model Mi is 
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Note that the posterior probability of Mi will be calculated incorrectly if the calculation of p(y) is 

incorrect, and this will be the case in the (likely) event that M is not fully specified. So, we will 

use the Bayesian Posterior Odds (BPO) to select the best model among a handful of candidate 

models because, even if M is incompletely specified, the Bayesian Posterior Odds will always be 

correct, for the following reason. 

 

Let [p(Mi)/p(Mj)] be the prior odds between model i and j.  Then 
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That is: 

Bayesian Posterior Odds = [Prior Odds]× [“Bayes Factor”].                                                                                 

 

These posterior odds are independent of p(y), and hence of the specification of M. Of course, if M 

is complete, we could use the BPO to calculate individual posterior probabilities which reflect our 

beliefs about each model being a true model, given the sample information. In the context of the 

model selection problem, after obtaining the Bayesian Posterior Odds, generally we will still want 

to come to a conclusion of “rejecting” or “accepting” one model compared with some other 

competing model. This is a two-action problem (Zellner, 1971, p.291).  

 

In general terms, let us consider two competing hypotheses, H0 and H1. There are two possible 

states of the world – either H0 is true or H1 is true. Let iĤ denote the action of choosing the ith 

hypothesis (i = 1, 2). If we accept the true hypothesis or we reject the false hypothesis, we will 

incur zero loss. However, our loss would be the positive amount L(H1, 0Ĥ ) if we accept the false 

null hypothesis, and our loss would be )ˆ,( 10 HHL  if we reject the true hypothesis. Which model 

will be accepted depends on which model minimizes posterior expected loss:  

if )|()|( 10 HLEHLE
))

< , Accept H0 . 

If )|()|( 01 HLEHLE
))

< , Accept H1. 

It is well-known that under any symmetric loss function1, H0 will be accepted only if 
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1 We could assume that the loss is asymmetric. This would simply alter the “threshold” value for the BPO. 



Again, it should be emphasized that this determination of the rankings of the models through the 

BPO’s does not require the calculation of the individual posterior probabilities for the individual 

models, and so it is not affected if the model space is under-specified. 

 

3.2 Bayesian Estimation 

In the above discussion, each model was parameterized by a vector of parameters, about which 

prior information was needed in order to construct the BPO. It is natural, therefore, to approach 

the estimation of these parameters from a Bayesian perspective. Such estimation is necessary in 

order to complete our fuzzy regression analysis. 

 

The Bayes and Minimum Expected Loss (MEL) estimators coincide if the posterior expected loss 

is finite, so the discussion here focuses on MEL estimation, strictly speaking. Let us suppose that 

model Mi has been selected. Applying Bayes’ Theorem, we first obtain the posterior p.d.f. for θi 

as: 

   ),|()|(),|( iiiiii MypMpMyp θθθ ∝ .     (9)    

Then the MEL estimator of θi is the iθ̂  that minimizes the posterior expected loss, 
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It is well known that if the loss function is quadratic, then iθ̂ is the mean of ),|( ii Myp θ ; for an 

absolute error loss this MEL estimator is the median of ),|( ii Myp θ ; and iθ̂ is the mode of the 

posterior density in the case of a “zero-one” loss function (Zellner, 1971, 24-25). In what follows 

in the next section our choice of prior p.d.f. for the parameters results in a posterior density whose 

characteristics ensure that the same MEL estimator arises under each of these three particular loss 

functions. 

 



3. Bayesian Fuzzy Analysis 

 
As was indicated in section 1, different choices for the number of fuzzy clusters, “c”, generate 

different fuzzy regression models of the type. For example, letting the value of “c” run from 1 to 

4 implies that there are four possible fuzzy models. The first model is the one-cluster fuzzy model 

(i.e., all of the data are used, and we have a conventional regression situation); the second model 

is based on two fuzzy clusters over the sample; and the third and fourth models assume there are 

respectively three and four fuzzy clusters over the sample range. The regressions that we fit over 

each cluster can be of any kind, depending on the nature of the data. In our case they will be 

multiple linear regressions.  

 

Let: 

111111111 : uXyM += β     ;  u11 ~ N(0, 1σ In11) 

212121212 : uXyM += β      ;  u21 ~ N(0, 21σ In21) 

   22222222 uXy += β           ;  u22 ~ N(0, 22σ In22) 

313131313 : uXyM += β      ;  u31 ~ N(0, 31σ In31) 

32323232 uXy += β                       ;  u32 ~ N(0, 32σ In32) 

33333333 uXy += β             ;  u33 ~ N(0, 33σ In33) 

414141414 : uXyM += β          ;  u41 ~ N(0, 41σ In41)       

42424242 uXy += β      ;  u42 ~ N(0, 42σ In42) 

        43434343 uXy += β      ;  u43 ~ N(0, 43σ In43) 

44444444 uXy += β             ;  u44 ~ N(0, 44σ In44) 

 

Xij’s are each (nij × k) matrices, each with rank k. The βij are each (k × 1) coefficient vectors, and 

the uij are (nij × 1) vectors of random error terms. ijβ  and ijσ  are the coefficient vector and error 

standard deviation for the jth cluster of model i, for i, j = 1, 2, 3, 4. 

 

The prior probabilities associated with each model are denoted p(M1), p(M2), p(M3) and p(M4). 

The prior p.d.f.’s for the parameters ijβ  and ijσ  (i, j = 1, 2, 3, 4) are taken to be the natural 

conjugate prior density in this case. Obviously, other possibilities could be considered, but this 

choice will suffice to illustrate the methodology and it provides an interesting (and 



mathematically tractable) benchmark. The following methodology would be unaltered if 

alternative prior p.d.f.’s were used, though the specific results would change, of course. In our 

case, we have: 
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where the normalizing constant is )2/(/)2/(2 2/2
ij

q
ijijij qsqK ij Γ= . That is, the conditional prior 

p.d.f. for βij given σij is multivariate normal with prior mean vector⎯βij and covariance matrix 

σij
2Cij

-1. The marginal prior information for σij is represented by an inverted gamma density, with 

parameters qij and⎯ sij
2 to be assigned values by the investigator. For this marginal prior to be 

proper, we need 0 < qij, ⎯sij
2 < ∞;  i, j = 1, 2, 3, 4. 

 

We can now proceed with the Bayesian Posterior Odds calculations. Equation (8) gives us the 

formula for the BPO. However, in order to get the BPO we need to derive the conditional data 

densities for each of the models. Given the assumption of normal errors in all of the sub-models, 

the likelihood function for Model 1, for example, is: 
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The likelihoods associated with the various clusters for the multi-cluster models follow in an 

obvious manner. 

From (5), for the first model, which has one cluster, the conditional data density is: 

                111111111111111111 )()|(),,|()|( σβσσβσβ ddppMypMyp ∫∫=         .                        

 



Under the (reasonable) assumption that clusters are independent, the conditional data density for 

Model 2, with two clusters, is: 
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For Model 3 with three clusters this density is: 
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For Model 4 with four clusters it is: 
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where, as before, the ijβ  and ijσ are the parameters for the jth cluster of model i, for i, j = 1, 2, 3, 

4. Using the results of Zellner (1971, p.308):    
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Similar operations are used to determine the conditional data densities for the other three models. 

Given the independence of the clusters, the results for the other models with more than one 

cluster can be written as the product of the integrals for each of the clusters. So, using notation 

that is an obvious generalization of that in (16): 
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Then, using these results in (8), the Bayesian Posterior Odds between Model 1 and Model 2 are: 



)/()/(

)/(

)/)(/(
/

)(]
)(
)(

[2

)(

)()(

)
2

(2)
2

(2

)
2

(2
]

)(
)(

[2

]
)|(
)|(

[]
)(
)(

[

22
2

22,21
2

21,

11
2

11,

22
2

2221
2

21

11
2

11

2/1

2221

11

2/1

222111

222111

2

1

2
1111

2
1111

2
1111

2
2222

2
2222

2
2222

2
2121

2
2121

2
2121

2222221212

111122/1

222111

222111

2221

11

2

1

2

1

2

1
12

22222121

1111

2221

21

1111

22222121

22222121

1111

δδ

δ

δδ
δ

δδ
δ

sfsf

sf

ss
s

CCA
AAC

Mp
Mp

QQsvsq

QQsvsqQQsvsq

qnqn

qn

CCA
AAC

KK
K

Mp
Mp

Myp
Myp

Mp
Mp

BPO

nqnq

nq

nn

n

qn

ba

qn

ba

qn

ba

qnqn

qn

×

×
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
××=

+++

++++++
×

+
Γ

+
Γ

+
Γ

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
××=

×=

−

+
−

+
−

+
−

++

+

 

where 

)2/(
)2/(2 2/2

ij

q
ijij

ij q
sq

K
ij

Γ
=  

ijijbijaijij nQQvs /)( 2 ++=δ ,                                              (18) 

 

and )/( 2
1, ijnq sf

ijij
δ denotes the ordinate of the F p.d.f. with qij and nij degrees of freedom. The 

other notation in these BPO formulae is again an obvious generalization of that used in (16). 

 

Similarly, the Bayesian Posterior Odds between Model 1 and Model 3 are: 
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The Bayesian Posterior Odds between Model 2 and Model 3 are: 
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Further details relating to the 4-cluster model are available from the authors on request, to 

conserve space. 

 

After we calculate the Bayesian Posterior Odds, under a symmetric loss function, if the Bayesian 

Posterior Odds are greater than 1, say BPO12 > 1, then Model 1 is preferred to Model 2, etc. The 

prior information becomes diffuse in this Natural Conjugate Prior case as |Cij| → 0 and q11 = q21 = 

q22 → 0. Under these condition, the Bayesian estimator collapses to the OLS estimator. In this 

case it is readily shown that under some mild conditions, and with prior odds for the model of 

unity, choosing Model 1 if BPO12 exceeds unity (as would be the case under a symmetric loss 

function) is equivalent to choosing the model with the higher R2. This last result, and a  

comprehensive discussion of the roles of the various terms in BPO12 can be found in Zellner 

(1971, pp.309-312). It is also well known that the BPO become indeterminate in the exactly 

diffuse prior case, a point that has been taken into account in the next two sections. 

 



In summary, our Bayesian Fuzzy Regression analysis involves clustering the data into c fuzzy 

clusters, where the optimal value of c is determined by BPO analysis. Then, Bayesian regression 

models are fitted over each of the c clusters, and the results are combined using the membership 

functions as weights.  

 

4. Monte Carlo Experiment 

5.1 Experimental Design 

There are four parts to the Monte Carlo experiment that we have conducted. The objective of the 

experiment is to assess the performance of the above BPO analysis in selecting the appropriate 

number of clusters to use in fuzzy regression analysis. The first set of experiments involves a one-

cluster data generating process. Ideally, in this case the BPO should favor a fuzzy model with one 

cluster all of the time. The other three sets of experiments involve two-cluster, three-cluster and 

four-cluster data generating processes. The programming for the Monte Carlo experiment has 

been done with SHAZAM (2001) code. 

 

The sample sizes that have been considered are n = 24, 60, 120, 240, 480 and 1200 for every part 

of the experiment. The number of Monte Carlo repetitions is set to 1000, and this number was 

found to be more than sufficient to ensure the stability of the results. We made the prior 

information for the parameters minimal by setting qij = 0.01 and Cij = 0.001 (for all i, j). The 

values for the other parameters of the prior are ijβ  = 0.2 and 2
ijs  = 2 (for all i, j), although the 

results are fully robust to these last choices. We assign equal prior probabilities for each of the 

competing models, so that we do not favor any particular model before the analysis. In order to 

make the results more general, in each part of the experiment we let the variance of the data 

generating process vary between 1 and 10, which helps us to increase the data generating 

process’s degree of fuzziness and this in turn provides a significant challenge for the BPO 

analysis.   

 

The data generating process that has been used comprises a number of separate line segments, 

one for each cluster in the underlying process: 

  

jiijjjji xy εβα ++=  ;  i = 1, 2, 3, …, (n/c)  ;   j = 1, 2, …, c. 



 

In other words, the data may be generated using one, two, three or four clusters. The regressor 

series is {xi} ={(i / 100): i = 1, 2, …, n}, and {xij} = {xi : i = (n / c)+ (j -1), ….., (jn / c)} ; j = 1, 2, 

…, c.  The intercept parameters take the values {1}, {1, 5}, {1, 5, 6} and {1, 5, 6, 9} for the cases 

of one to four clusters respectively. Two cases are considered as far as the slope coefficients in 

the data-generating process are concerned. The first (the “big slope” case) has β values of {1}, {1, 

-5}, {1, -5, 3 } and  {1, -5, 3, -8} for the cases of one to four clusters respectively. The second 

(the “small slope” case) has β values of {0.1}, {0.1, -0.5}, {0.1, -0.5, 0.3 }and  {0.1, -0.5, 0.3, -

0.8} for the cases of one to four clusters respectively. The error terms, “εij”, are generated as 

being independent and normally distributed, with mean zero. Different error variances with the 

values 1, 2, 3, …., 10 are considered. 

 

Figures 1 and 2 show the four data generating processes with a sample size of 240. In each case 

here the variance for the data generating process is 3. These graphs provide an indication of the 

degree of fuzziness of the data that are used in the Monte Carle experiment, and they show how 

difficult it would be for us in real life to determine the correct number of clusters just by simply 

looking at a data plot alone. These plots are only a small part of all the Monte Carlo experiments 

we undertook in this research.  

 

5.2 Experiment Results 

5.2.1 Results with “Big” Slopes 

Our results reported in the various tables show the probability that the BPO analysis selects the 

true model over the 1000 repetitions in any part of the experiment. Tables 1 to 3 provide the 

results for the three sets of experiments when the data generating process runs from two clusters 

to four clusters with the “big” slope parameters defined in section 5.1.2 In all of the following 

tables, Pij denotes the probability that the BPO favour model i over model j based on the 1000 

repetitions.  

 

First, by way of illustration, consider the section of Table 1 corresponding to n = 240. Across the 

columns, the variance for the DGP increases from 1 to 10. When the variance equals 1, we have: 

 

21 MM f , with 0% probability 21 MM p⇔ with 100% probability. 

                                                 
2 We found that when the data generating process involves only one cluster, the BPO identify the correct 
model 100% of the time, regardless of the level of the variance in the data generating process. 



31 MM f , with 0% probability 31 MM p⇔ with 100% probability. 

41 MM f , with 0% probability 41 MM p⇔ with 100% probability. 

         32 MM f , with 100% probability. 

        42 MM f , with 100% probability. 

        43 MM f , with 100% probability.   

 

As a result, we can rank the four models in the order: 1432 MMMM fff , where BA f  

indicates “A is preferred to B” 

 

In the illustrative case being discussed here, the BPO analysis correctly selects the model with 

two fuzzy clusters with 100% probability. We find a similar ranking among the models when the 

variance is 2. As the variance increases to 3, the two-cluster fuzzy model still is chosen correctly 

70% of the time among the four models, though the ranking of the three-cluster and four-cluster 

fuzzy models is now reversed, and the three-cluster fuzzy model is chosen over the one-cluster 

fuzzy model with 30% probability. Nevertheless, the result that the two-cluster fuzzy model is the 

best among the four models still holds. As the variance increases to 4, the probability that the 

two-cluster fuzzy model is chosen correctly over the one-cluster fuzzy model decreases to 80%, 

and overall the two-cluster fuzzy model is still the best. As the degree of fuzziness in the data 

generating process increases further (with the variance greater than or equal to 5), the one-cluster 

fuzzy model rules the rest of the three models including the true model with two fuzzy clusters. 

Perhaps not surprisingly, when the data are extremely diffuse, there is a tendency for the model 

selection procedure to eventually infer that there is just a single cluster of data. 

 

Second, as we move to the next section in Table 1 (where the sample size increases to 480 and the 

data generating process is still two clusters), we find that the BPO’s ability to detect the true 

model increases dramatically. Even with a variance of 10, the fuzzy two-cluster model is 

correctly chosen 100% of the time. In this case we see that the true model dominates the other 

three models even in the fuzziest case considered, with 100% probability. Similar results emerge 

in Tables 2 and 3. 

  

Across Tables 1 to 3 we see that the ability of the BPO analysis to select the true model increases 

as the number of observations increases in the sample. The results all across the three tables for 



the case where the n = 24 are always poor. However, for n > 60 we begin to see some 

improvement and when the sample size is above 240 and around 480, we find the BPO pick the 

true model nearly every time when the degree of the fuzziness is moderate. The value of the 

variance we use for the data generating process also affects the results and as the data become 

fuzzier, the probability of the BPO picking the true model decreases.  

 

Another important result is that the BPO tend to favour models based on few clusters.  In Table 1 

we see that even when the variance increases to 10, the three-cluster and four-cluster fuzzy 

models are never ranked above the true two-cluster fuzzy model. In Table 2, the four-cluster 

fuzzy model is never ranked above the true three-cluster fuzzy model. 

 

In practice, sometimes when we look at a plot of the data, we may get a sense that there should be 

more than one cluster and as a result, the one-cluster model can be eliminated at the every 

beginning. Over all, the one-cluster model suggests that there is no nonlinearity for the data. The 

next part of the Monte Carlo experiment relates to the case where the data have been generated 

with the number of clusters being greater than or equal to 2. In this case, we decrease the model 

space to three models – those based on two fuzzy clusters, three fuzzy clusters and four fuzzy 

clusters.  The results are similar to those discussed already for the case where we have four 

candidate models. 

 

Table 4, 5 and 6 provide the results for this part of the experiment as we keep the other test 

standards the same as before. We see the BPO’s performance of selecting the true model has been 

enhanced. All of the other features noted for the first four tables also hold in this case, and the 

sample size only needs to exceed 120 for the true model to be selected with high probability. In 

Table 4, we see that in all cases where n > 60, the BPO select model 2 (the correct model) with 

100% probability. In Table 6, we see that as the sample size is increased to 240, we can select the 

correct model nearly all of the time. The only result that changes a little in this case is the ranking 

of the other two models.  

 

5.2.2 Results with “Small” Slopes 

In the following part of the Monte Carlo experiment, we have used the “small slope” coefficient 

vector for the data-generating process, as defined in section 5.1. From the data generating 

process, we can see that the degree of the fuzziness added to the sample comes from two sources: 



one is the variance of the error terms that we assign for the data-generating process, and the other 

is through the slope parameters. As we see from Figure 2 (a) to (d), with the “small slopes” the 

data become more and more “cloudy” and it is very difficult to determine the correct number of 

clusters visually. This part of the Monte Carlo experiment provides an even more stringent test of 

the BPO analysis. The variance value for the data generation process again runs from 1 to 10, and 

the sample size runs from 24 to 1200, and there are 1000 repetitions.  

 

Tables 7 to 9 provide the probabilities that the BPO favor the first model over the second model 

over the 1000 repetitions. The four fuzzy models we are considering are: one-cluster, two-cluster, 

three-cluster and four-cluster fuzzy models3. The data generating process for those three tables as 

before runs from two cluster to four clusters. For the three tables here, the results in the case are 

similar to those in the “big slope” case — the performance of the BPO increases as the sample 

size increases and decreases as the value of the variance increases. Tables 10 to 12 give the 

results for the BPO analysis when we reduce the model space by dropping the model with one 

cluster. Again, the results are similar to those in section 5.2.1. 

 

The main difference between the results for the “big slope” and “small slope” parts of the Monte 

Carlo experiment is the understandable reduction in the ability of the BPO analysis to choose the 

true model in the latter case. Overall, as the number of observations increases, the BPO’s ability 

to pick the true model becomes stronger. It is a “consistent” selection procedure. Some 

experimentation with the specification of the prior information about the models’ parameters 

indicated that our results are quite robust in this respect. 

 

5. Two Real Data Applications 

In this section, we apply the BPO analysis to two real data sets. 

  

6.1 Motorcycle Data 

This well-known data set relates to the head acceleration of a PMTO (post mortem human test 

object), measured after a simulated motorcycle impact (Schmidt, et al., 1981). Figure 3 provides a 

                                                 
3 Again, regardless of the level of the variation in the data generating process with one cluster, the model 
picked by the BPO is always the correct one. 



plot of the data. Due to the nature of the experiment, there are many observations at the same time 

points From a first look at the data, we might guess that the number of clusters for this set of data 

might be smaller than four. To be consistent with our previous experiment, the model space in 

this BPO analysis is set to include four models: models with one to four fuzzy clusters. We assign 

each model a prior probability of 0.25.  

 

First, we cluster the sample into two clusters, three clusters and four clusters respectively 

according to the X variable, which in this example is the time after impact. The values of the 

membership functions are generated accordingly for each model. Employing a relatively 

uninformative natural conjugate prior for each model’s parameters, we get the Bayesian fuzzy 

regression in the weighted average fashion using the membership functions as the weights. The 

fuzzy model with three clusters is chosen by the BPO. In Figure 3 we see that the three-cluster 

and four-cluster fuzzy models clearly outperform the fuzzy models with one cluster and two 

clusters in terms of the fit to the original data. When the fit in the left tail of the data is 

considered, there is an informal preference for the three-cluster model. 

  

The posterior probabilities for the models in Table 13 confirm this, being 0.98 and 0.02 for the 

three-cluster and four-cluster models respectively, and essentially zero for the other models.  This 

conclusion is very robust to the choice of prior masses on the model space. Figure 4 shows the 

fitted regressions from the three-cluster fuzzy model and standard nonparametric kernel 

regression. The fuzzy three-cluster model out-performs the nonparametric model not only in 

terms of fit (RMSE = 26.75 and 37.99 respectively), but also with respect to the shape of the 

fitted regressions in the middle range of the data. 

 

6.2 Journal Subscriptions Data 

Our second application relates to prices and the number of library subscriptions for 180 

economics journals for the year 2000 (Bergstrom, 2001). Our objective is to fit a regression to 

explain the number of subscriptions to a journal as a function of its price. Among the four 

possible fuzzy models, the BPO analysis selects the model based on four fuzzy clusters. In Figure 

5, we show the fits of all the candidate models. Clearly, the model with four fuzzy clusters best 

describes the data. In Figure 6, we plot both the preferred fuzzy regression and a nonparametric 

kernel regression. The fuzzy four-cluster model outperforms the nonparametric model in the left 

tail and also the middle range of the data. The RMSE from the fuzzy four-cluster model is 174.33 

and that from the nonparametric approach is 178.91. 



 

6. Conclusions 

In this study, we set up a standard Bayesian approach to the model selection problem of choosing 

the number of fuzzy clusters to be used in the context of the recently developed fuzzy regression 

analysis. Using the Bayesian Posterior Odds to select the number of clusters to be used improves 

the fuzzy regression analysis in an important way. The use of a Bayesian approach to both model 

selection and regression estimation illustrates one of merits of Bayesian inference – namely its 

unity, and the flexibility with which prior information about the model space and the parameter 

space can be incorporated into the analysis.  

 

Our Monte Carlo experiments show how powerful this approach can be, especially with moderate 

to large samples. Even when the sample data visually appear to be generated from one “regime”, 

the BPO analysis is very successful in determining the true number of underlying clusters. Two 

brief applications with real data are also extremely encouraging. Compared with standard non-

parametric kernel regression, the Bayesian fuzzy regression captures the nonlinearity of the data 

extremely well. The sample sizes in these two applications does not exceed 180, showing that in 

practice Bayesian fuzzy regression can give a highly satisfactory performance even when the 

sample size is modest. 

 

There are still some limitations to the application of this Bayesian fuzzy regression approach as is 

evident in the above results. Although the theory of this approach has been set up for the general 

multivariate case, the applications considered in this study focus only on the univariate case. 

None the less, the evidence provided in this research lends credibility to Bayesian Fuzzy 

Regression analysis, and especially to the use of Bayesian Posterior Odds to select the number of 

fuzzy clusters that are to be used. Other recent applications of fuzzy regression have shown that 

the methodology performs well when a frequentist approach to inference is taken in the 

multivariate case, and there is every reason to suppose that this will be held within a Bayesian 

framework. 
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Figure 1. Data Generating Process – “Big” Slope Case: n = 240 
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Figure 2. Data Generating Process – “Small” Slope Case: n = 240 
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Table 1.  The Bayesian Posterior Odds Monte Carlo Experiment for Two Clusters 

Data Generation Process: c = 1, 2, 3, 4 

     σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P12 0.2 0.8 0.9 0.9 0.9 0.9 1 0.9 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=24 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0.2 0.9 1 1 1 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=60 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0.1 0.8 1 1 1 1 1 1 1 1 
P13 0.7 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=120 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0.2 0.6 0.8 0.9 0.9 1 1 
P13 0 0 0.7 1 1 1 1 1 1 1 
P14 0 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=240 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0 0 0 0 0 0 0 
P13 0 0 0 0 0 0 0 0.2 0.4 0.7 
P14 0 0 0 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=480 P34 0 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0 0 0 0 0 0 0 
P13 0 0 0 0 0 0 0 0 0 0 
P14 0 0 0 0 0 0 0 0 0 0 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=1200 P34 0 0 0 0 1 1 1 1 1 1 
 



Table 2.  The Bayesian Posterior Odds Monte Carlo Experiment for Three 
Clusters Data Generation Process: c = 1, 2, 3, 4  

     σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P12 0.9 0.9 0.9 1 1 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 0.9 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=24 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0.5 0.9 0.9 1 1 1 1 1 1 
P13 0 0.9 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 0.2 0.9 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=60 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0.2 0.5 0.7 0.8 0.9 1 1 
P13 0 0 0 0.5 0.9 1 1 1 1 1 
P14 0 1 1 1 1 1 1 1 1 1 
P23 0 0 0.4 0.8 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=120 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0 0 0 0 0 0 0.1 
P13 0 0 0 0 0 0 0 0 0.1 0.4 
P14 0 0 0 0.9 1 1 1 1 1 1 
P23 0 0 0 0 0 0.1 0.2 0.5 0.7 0.8 
P24 0 1 1 1 1 1 1 1 1 1 

n=240 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0 0 0 0 0 0 0 
P13 0 0 0 0 0 0 0 0 0 0 
P14 0 0 0 0 0 0 0 0.3 0.9 1 
P23 0 0 0 0 0 0 0 0 0 0 
P24 0 0 0.2 1 1 1 1 1 1 1 

n=480 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0 0 0 0 0 0 0 
P13 0 0 0 0 0 0 0 0 0 0 
P14 0 0 0 0 0 0 0 0 0 0 
P23 0 0 0 0 0 0 0 0 0 0 
P24 0 0 0 0 0 0 0 0 0.5 1 

n=1200 P34 1 1 1 1 1 1 1 1 1 1 

 



Table 3.  The Bayesian Posterior Odds Monte Carlo Experiment for Four Clusters 
Data Generation Process: c = 1, 2, 3, 4 

     σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P12 0.4 0.9 0.9 0.9 0.9 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=24 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0.4 0.7 0.9 0.9 0.9 1 1 1 
P13 0 0.8 1 1 1 1 1 1 1 1 
P14 0.6 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=60 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0 0 0.2 0.4 0.5 0.7 0.8 
P13 0 0 0 0.2 0.7 0.9 1 1 1 1 
P14 0 0 0.9 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 0.1 1 1 1 1 1 1 1 1 1 

n=120 P34 0 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0 0 0 0 0 0 0 0 
P13 0 0 0 0 0 0 0 0 0 0.1 
P14 0 0 0 0 0 0.4 0.9 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 0 0 0.5 1 1 1 1 1 1 1 

n=240 P34 0 0 0.1 1 1 1 1 1 1 1 
              

P12 0 0 0 0 0 0 0 0 0 0 
P13 0 0 0 0 0 0 0 0 0 0 
P14 0 0 0 0 0 0 0 0 0 0 
P23 1 1 1 1 0.9 0.9 0.9 0.9 0.9 0.9 
P24 0 0 0 0 0 0 0.5 1 1 1 

n=480 P34 0 0 0 0 0 0 0.1 0.9 1 1 
              

P12 0 0 0 0 0 0 0 0 0 0 
P13 0 0 0 0 0 0 0 0 0 0 
P14 0 0 0 0 0 0 0 0 0 0 
P23 1 1 1 1 1 1 1 1 1 0.9 
P24 0 0 0 0 0 0 0 0 0 0 

n=1200 P34 0 0 0 0 0 0 0 0 0 0 
 

 
 



 

Table 4. The Bayesian Posterior Odds Monte Carlo Experiment for Two 
Clusters Data Generation Process: c = 2, 3, 4 

    σ = 1 σ = 2 σ  = 3 σ  = 4 σ  = 5 σ  = 6 σ  = 7 σ  = 8 σ  = 9 σ  = 10 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=24 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=60 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=120 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=240 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=480 
P34 0 1 1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=1200 
P34 0 0 0 0 1 1 1 1 1 1 

 

 

 

 

 

 

 

 



Table 5.   The Bayesian Posterior Odds Monte Carlo Experiment for Three 
Clusters Data Generation Process: c = 2, 3, 4 

 
    σ = 1 σ = 2 σ  = 3 σ  = 4 σ  = 5 σ  = 6 σ  = 7 σ  = 8 σ  = 9 σ  = 10 

P23 0.9 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=24 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 0.2 0.9 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=60 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 0 0 0.4 0.8 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=120 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 0 0 0 0 0 0.1 0.2 0.5 0.7 0.8 
P24 0 1 1 1 1 1 1 1 1 1 n=240 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 0 0 0 0 0 0 0 0 0 0 
P24 0 0 0.2 1 1 1 1 1 1 1 n=480 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 0 0 0 0 0 0 0 0 0 0 
P24 0 0 0 0 0 0 0 0 0.5 1 n=1200 
P34 1 1 1 1 1 1 1 1 1 1 

 

 

 

 

 

 

 

 

 



Table 6. The Bayesian Posterior Odds Monte Carlo Experiment for Four 
Clusters Data Generation Process: c = 2, 3, 4 

  
    σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=24 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=60 
P34 1 1 1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 1 1 1 1 1 1 
P24 0.1 1 1 1 1 1 1 1 1 1 n=120 
P34 0 1 1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 1 1 1 1 1 1 
P24 0 0 0.5 1 1 1 1 1 1 1 n=240 
P34 0 0 0.1 1 1 1 1 1 1 1 

            
P23 1 1 1 1 0.9 0.9 0.9 0.9 0.9 0.9 
P24 0 0 0 0 0 0 0.5 1 1 1 n=480 
P34 0 0 0 0 0 0 0.1 0.9 1 1 

            
P23 1 1 1 1 1 1 1 1 1 0.9 
P24 0 0 0 0 0 0 0 0 0 0 n=1200 
P34 0 0 0 0 0 0 0 0 0 0 

 

 

 

 

 

 

 

 

 



Table 7.  The Bayesian Posterior Odds Monte Carlo Experiment for Two     
Clusters Data Generation Process With Small Slopes: c = 1, 2, 3, 4 

     σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P12 0.1 0.6 0.9 0.9 0.9 0.9 0.9 0.9 1 1 
P13 0.9 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=24 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0.4 0.8 0.9 1 1 1 1 1 1 
P13 0.7 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=60 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0.2 0.7 0.9 1 1 1 1 1 1 
P13 0.1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=120 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0.5 0.8 0.9 1 1 1 1 1 
P13 0 0.9 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=240 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0.4 0.8 0.9 1 1 1 1 1 
P13 0 0.8 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=480 P34 1 1 1 1 1 1 1 1 1 1 
              

P12 0 0 0.1 0.6 0.9 1 1 1 1 1 
P13 0 0.1 0.9 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=1200 P34 1 1 1 1 1 1 1 1 1 1 

 



Table 8. The Bayesian Posterior Odds Monte Carlo Experiment for Three  
     Clusters Data Generation Process With Small Slopes: c = 1, 2, 3, 4 

    σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P12 1 1 1 1 1 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=24 

P34 1 1 1 1 1 1 1 1 1 1 
                       

P12 1 1 1 1 1 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=60 

P34 1 1 1 1 1 1 1 1 1 1 
                       

P12 1 1 1 1 1 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 0.9 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=120 

P34 1 1 1 1 1 1 1 1 1 1 
            

P12 0.1 0.9 1 1 1 1 1 1 1 1 
P13 0 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 0.1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=240 

P34 1 1 1 1 1 1 1 1 1 1 
                       

P13 0 0 0.5 0.9 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 0 0 0.7 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=480 

P34 1 1 1 1 1 1 1 1 1 1 
                       

P12 0 0 0 0 0 0 0 0 0 0.1 
P13 0 0 0 0 0 0 0 0 0.1 0.3 
P14 0 0 1 1 1 1 1 1 1 1 
P23 0 0 0 0 0 0 0.1 0.4 0.6 0.8 
P24 1 1 1 1 1 1 1 1 1 1 

n=1200 

P34 1 1 1 1 1 1 1 1 1 1 



Table 9. The Bayesian Posterior Odds Monte Carlo Experiment for Four  
     Clusters Data Generation Process With Small Slopes: c = 1, 2, 3, 4 

     σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P12 1 1 1 1 1 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=24 

P34 1 1 1 1 1 1 1 1 1 1 
            

P12 0.9 1 1 1 1 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=60 

P34 1 1 1 1 1 1 1 1 1 1 
            

P12 0.5 1 1 1 1 1 1 1 1 1 
P13 1 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=120 

P34 1 1 1 1 1 1 1 1 1 1 
            

P12 0 0.2 0.8 1 1 1 1 1 1 1 
P13 0 1 1 1 1 1 1 1 1 1 
P14 1 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=240 

P34 1 1 1 1 1 1 1 1 1 1 
            

P12 0 0 0 0 0.3 0.6 0.8 0.9 0.9 1 
P13 0 0 0.1 0.8 1 1 1 1 1 1 
P14 0 1 1 1 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 

n=480 

P34 1 1 1 1 1 1 1 1 1 1 
            

P12 0 0 0 0 0 0 0 0 0 0 
P13 0 0 0 0 0 0 0 0 0 0 
P14 0 0 0 0.7 1 1 1 1 1 1 
P23 1 1 1 1 1 1 1 1 1 1 
P24 0 1 1 1 1 1 1 1 1 1 

n=1200 

P34 0 0.8 1 1 1 1 1 1 1 1 



Table 10. The Bayesian Posterior Odds Monte Carlo Experiment for Two  
 Clusters Data Generation Process With Small Slopes: c = 2, 3, 4 

    σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=24 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=60 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=120 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=240 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=480 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=1200 
P34 1 1 1 1 1 1 1 1 1 1 

 

 

 

 

 

 

 

 

 

 

 

 



Table 11. The Bayesian Posterior Odds Monte Carlo Experiment for Three  
 Clusters Data Generation Process With Small Slopes: c = 2, 3, 4 

     σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=24 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=60 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 0.9 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=120 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 0.1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=240 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 0 0 0.7 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=480 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 0 0 0 0 0 0 0.1 0.4 0.6 0.8 
P24 1 1 1 1 1 1 1 1 1 1 n=1200 
P34 1 1 1 1 1 1 1 1 1 1 

 

 

 

 

 

 

 

 

 

 

 

 



Table 12. The Bayesian Posterior Odds Monte Carlo Experiment for Four  
 Clusters Data Generation Process With Small Slopes: c = 2, 3, 4 

     σ = 1 σ = 2 σ = 3 σ = 4 σ = 5 σ = 6 σ = 7 σ = 8 σ = 9 σ = 10 

P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=24 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=60 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=120 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=240 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 1 1 1 1 1 1 1 1 1 1 n=480 
P34 1 1 1 1 1 1 1 1 1 1 

                        
P23 1 1 1 1 1 1 1 1 1 1 
P24 0 1 1 1 1 1 1 1 1 1 n=1200 
P34 0 0.8 1 1 1 1 1 1 1 1 

 

 

Table 13. Bayesian Posterior Odds Analysis Report for the Real Data 
Applications 

 
Bayesian Posterior Probability 

Posterior 
Probability 

Journal 
Subscriptions Motorcycle

P1 0.000 0.000 
P2 0.000 0.000 
P3 0.000 0.998 
P4 1.000  0.002 

 

 

 



Figure 3. Bayesian Fuzzy Regression for the Motorcycle Data 
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Figure 4. Comparison Between Bayesian Fuzzy Regression and Non-Parametric 
Regression for the Motorcycle Data 
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Figure 5. Bayesian Fuzzy Regression for the Journal Subscription Data 
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Figure 6. Comparison Between the Bayesian Fuzzy Regression and the Non-
Parametric Regression for the Journal Subscription Data 
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